Consider a single server retrial queueing system in which customers arrive in a Poisson process with arrival rate λ that which follows a Poisson process. Let k be the number of phases in the service station. The service time has Erlang k-type distribution with service rate kμ for each phase. Two types of vacation policies are discussed in this research paper that is Bernoulli type vacation and exhaustive type vacation. The vacation rate follows an exponential distribution with parameter α. We assume that the services in all phases are independent and identical and only one customer at a time is in the service mechanism. If the server is free at the time of a primary call arrival, the arriving call begins to be served in Phase 1 immediately by the server then progresses through the remaining phases and must complete the last phase and leave the system before the next customer enters the first phase. If the server is busy or on vacation, then the arriving customer goes to orbit and becomes a source of repeated calls. This pool of sources of repeated calls may be viewed as a sort of queue. Every such source produces a Poisson process of repeated calls with intensity σ. If an incoming repeated call finds the server free, it is served in the same manner and leaves the system after service, while the source which produced this repeated call disappears. Otherwise, the system state does not change. We assume that the access from orbit to the service facility is governed by the classical retrial policy. This model is solved by using Matrix geometric technique. Numerical study have been done for Analysis of Mean number of customers in the orbit (MNCO),Truncation level (OCUT), Probabilities of server free, busy and in vacation for various values of λ , μ ,k , p , α and σ in elaborate manner and also various particular cases of this model have been discussed.
INTRODUCTION
Queuing systems in which arriving customers who find all servers and waiting positions (if any) occupied may retry for service after a period of time are called Retrial queues [1, 2, 5, 6] Because of the complexity of the retrial queueing models, analytic results are generally difficult to obtain. There are a great number of numerical and approximations methods available. In this paper we will place more emphasis on the solutions by Matrix geometric method [8] . In the literature, the analysis for queueing systems with vacations has been discussed through a considerable amount of work in recent years. Queues with server vacations occur in many engineering systems such as data switching systems, computer communication networks and telecommunication systems. Doshi [3, 4] has recorded prior work on vacation models and their applications in his survey paper. Keilson & Servi [7] have introduced a queueing system with Bernoulli vacation scheduling service that is clearly applicable to queueing systems involving communication systems. Many examples such as production system, bank services, computer and communication networks, etc., work with different vacation policies. In this work we study retrial queuing system with two types of vacation policies namely Bernoulli and Exhaustive type of vacations under Erlang -k type service by Matrix Geometric Method.
MODEL I

MODEL DESCRIPTION
Consider a single server retrial queueing system with Bernoulli type vacation scheduling introduced by Keilson & Servi [7] in which customers arrive in a Poisson process with arrival rate λ. These customers are identified as primary calls. Let k be the number of phases in the service station. Assume that the service time has Erlang-k distribution with service rate kμ for each phase. The vacation rate follows an exponential distribution with parameter α.
If the server is free at the time of a primary or repeated call arrival, then this arriving call begins to be served immediately and leaves the system after completion of the service. After completion of each service, the server has an option to go on vacation with probability p or continue to serve with probability (1-p). This type of vacation in queueing theory is called Single vacation with Bernoulli schedule. The single vacation means after completion of vacation period he can once again go for vacation after completing atleast one service. The server may return from the vacation at any time and is independent of number of customers in the system.
We assume that the services in all phases are independent and identical and only one customer at a time is in the service mechanism. If the server is free at the time of a primary call arrival, the arriving call begins to be served in Phase 1 immediately by the server then progresses through the remaining phases and must complete the last phase and leave the system before the next customer enters the first phase. If the server is busy or on vacation, then the arriving customer goes to orbit and becomes a source of repeated calls. If an incoming repeated call finds the server free, it is served in the same manner and leaves the system after service, while the source which produced this repeated call disappears. Otherwise, the system state does not change.
We assume that the access from the orbit to the service facility follows the exponential distribution with rate σ which may depend on the current number n, (n ≥ 0) the number of customers in the orbit. That is, the probability of repeated attempt during the interval (t, t +∆t), given that there are n customers in the orbit at time t is nσ ∆t. It is called the classical retrial rate policy. The input flow of primary calls, interval between repetitions and service time in phases are mutually independent.
MATRIX GEOMETRIC SOLUTIONS
Let N(t) be the random variable which represents the number of customers in orbit at any time t and S(t) be the random variable which represents the phase in which customer is getting the service at time t. The random process is described as {<N(t), S(t) > / N(t) = 0,1,2,3…;S(t) = 0,1,2,3,…, k, k+1 } S(t) = 0 if the server being idle S(t) = i for server being busy with the customer in the i th phase for i = 1,2,3,…k S(t) = k+1 for the server to be on vacation.
The possible state spaces for single server retrial queueing with Erlang K -phases service are { (i , j) / i = 0, 1, 2, 3,… ; j = 0, 1, 2, 3,…, k ,k+1 }
The infinitesimal generator matrix Q for this model is given below
Q =
The matrices A 00 , A 01 , A n n-1 , A n n and A n n+1 for n = 1,2,3,… in the infinitesimal matrix generator Q are square matrices of order k+1.
We denote
S1 = -(λ+kµ) S2 = (1-p) kμ
The matrix A00 is described as The matrix AMM is given below Let X be a steady-state probability vector of Q and partitioned as X= ( x(0),x(1),x(2), ….) and X satisfies XQ = 0 , Xe = 1
where
In this paper we are applying the Direct Truncation Method to find the Steady state probability vector X. Let M denote the cutoff point for this truncation method. The steady state probability vector X (M) is now partitioned as
which satisfies 
STABILITY CONDITION
Theorem :
The inequality 1 p       is the necessary and sufficient condition for system to be stable.
Proof:
Let Q be an infinitesimal generator matrix for the queueing system (without retrial)
The stationary probability vector X satisfying XQ = 0 and Xe=1 (2) Let R be the rate matrix and satisfying the equation
The system is stable if sp(R) <1
We know that the Matrix R satisfies sp(R) <1 if and only if
ΠA0e < ΠA2e (4)
where Π = (π1,…,πk+1) and satisfies ΠA = 0 and Πe =1 (5) and
A=A0+A1+A2 (6)
Here A0, A1 and A2 are square matrices of order k and A0 = λ I , I the identity matrix of order k+1
The matrix A1 is given below The matrix A2 is described as By substituting A0, A1, A2 in equations (4), (5) and ( 
SYSTEM PERFORMANCE MEASURES
In this section some important performance measures along with formulas and their qualitative behaviour for this queueing model are studied. Numerical study has been dealt in very large scale to study these measures. Defining P( n , 0) = Probability that there are n customers in the orbit and server is free P( n , i) = Probability that there are n customers in the orbit, server is busy with customer in the i th phase for i = 1,2,3,…k.
P( n , k+1) = Probability that there are n customers in the orbit and server is on vacation.
We can find various probabilities for various values of λ, μ, p, α, k and σ and the following parameters can be easily studied with these probabilities a. The probability mass function of Server state Let S(t) be the random variable which represents the phase in which customer is getting service at time t .
Prob (The server is idle) = : Probability that the server is idle P1 : Probability that the server is busy P2 : Probability that the server is in vacation Table 1 and Table 2 show the effect of retrial rate σ over the system. As σ increases, mean number of customers in the orbit decreases and this model becomes classical queueing system with Bernoulli vacation if σ >5000. Probabilities P0, P1 and P2 are independent of σ Table 3 shows the effect of number of phases (k) over the system. As k increases, mean number of customers in the orbit decreases. Probabilities P0, P1 and P2 are independent of k. Table 4 shows the effect of probability of going for vacation (p) over the system. As p increases, mean number of customers in the orbit increases. 
MODEL II
MODEL DESCRIPTION
Consider a single server retrial queueing system with exhaustive type vacation in which customers arrive in a Poisson process with arrival rate λ. These customers are identified as primary calls. Let k be the number of phases in the service station. Assume that the service time has Erlang-k distribution with service rate kμ for each phase. The vacation rate follows an exponential distribution with parameter α. If the server is free at the time of a primary or repeated call arrival, then this arriving call begins to be served immediately and leaves the system after completion of the service. The server goes for vacation compulsorily after servicing to all customers and the system becomes empty. This type of vacation in queueing theory is called exhaustive service type single vacation. The single vacation means after completion of vacation period he can again go for vacation once again after servicing atleast one customer. The server may return from the vacation at any time and is independent of number of customers in the system. We assume that the services in all phases are independent and identical and only one customer at a time is in the service mechanism. If the server is free at the time of a primary call arrival, the arriving call begins to be served in Phase 1 immediately by the server then progresses through the remaining phases and must complete the last phase and leave the system before the next customer enters the first phase. If the server is busy or on vacation, then the arriving customer goes to orbit and becomes a source of repeated calls. This pool of sources of repeated calls may be viewed as a sort of queue. Every such source produces a Poisson process of repeated calls with intensity σ. If an incoming repeated call finds the server free, it is served in the same manner and leaves the system after service, while the source which produced this repeated call disappears. Otherwise, the system state does not change. We assume that the access from the orbit to the service facility governed by classical retrial rate policy. The input flow of primary calls, interval between repetitions and service time in phases are mutually independent.
MATRIX GEOMETRIC SOLUTIONS
The random process is described as In this paper we are applying the Direct Truncation Method to find the Steady state probability vector X. Let M denote the cutoff point for this truncation method. The steady state probability vector X (M) is now partitioned as
{<N(t), S(t) > / N(t) =
which satisfies
where x(i) = (Pi0,Pi1, Pi2 ,…,Pik+1) i =0, 1, 2,3,…,M .
The above system of equations is solved by exploiting the special structure of the co-efficient matrix. It is solved by GAUSS-JORDAN elementary transformation method. Since there is no clear cut choice for M, we may start the iterative process by taking, say M=1 and increase it until the individual elements of x do not change significantly. That is, if M * denotes the truncation point then ||x M* (i) -x M*-1 (i) ||∞ < є , where є is an infinitesimal quantity.
STABILITY CONDITION
Theorem :
The inequality 1  
   
is the necessary and sufficient condition for system to be stable.
Proof:
The stationary probability vector X satisfying
XQ = 0 and Xe=1 (8)
Let R be the rate matrix and satisfying the equation
We know that the Matrix R satisfies sp(R) <1 if and only if 
SYSTEM PERFORMANCE MEASURES
In this section some important performance measures along with formulas and their qualitative behaviour for this queueing model are studied. Numerical study has been dealt in very large scale to study these measures. We can find various probabilities for various values of λ, μ, α, k, and σ. The formulas for system measures which are discussed in section 2.5 hold for this model also.
NUMERICAL STUDY
MNCO : Mean Number of Customers in the Orbit P0 : Probability that the server is idle P1 : Probability that the server is busy P2 : Probability that the server is in vacation Tables 5 and Table 6 show the effect of retrial rate σ over the system. As σ increases, mean number of customers in the orbit decreases and this model becomes classical queuing system with Exhaustive vacation if σ >5000. Table 7 shows the effect of number of phases (k) over the system. As k increases, mean number of customers in the orbit decreases. Table 8 shows the effect of vacation rate (α) over the system. As α increase, mean number of customers in the orbit decreases. 
